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The Leray Spectral sequenceof a Map CP

Productstructure on a Spectral Sequence

Prod Let K D be a differentialcomplexwith a

product v Kmx K km relative to which D

is an antiderivation ThenHock has a product
induced from U

a u b aub

PE Let 21K cocycles BCK coboundaries

Theantiderivation property ofD ensures that
i U Z K Z K Z K

ii U ZCK B K B K

ii U B K 2 K BLK

Hence there is an inducedmap
U Z K B K Z KYBCK 2 KB K

a b Laub

Suppose K K is a doublecomplex with a product
relative to which thedifferential D is an antiderivation
Then for every r 1 Er has a product relative to which

dr is an antiderivation

Proof To begiven later



The Leray Spectral Sequence of a Map

Considera C map I X Y between manifolds

Let R Us sea be an open cover of Y not necessarily

a good cover Then M F'V2 A is an

open coverofX TheCech derham complexof for

theopencover FIU is givenby
CP Tim 1 I 1 02 xp

By thegeneralized Mayer Vieton's
P

principle there is an algebra isomorphism

HTX I Clive r't

the Leray spectral sequence Underthe hypotheses
above with K C Tim 1 filtered by p there
is a spectral sequence converging to H X with

Ez term
V2 21

where H is the prestreaf on Y 21 118 TTV

Proof
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mil i ir
and HE F is fin dim for all 9 then

E HPM 48 F

gives a ring isom E HIM H F

PE To begiven later



Example eP

Let 30 32 Zj Kj A Yj
The unit sphere in IC is def by

13012 13 I 13212 1

or

5 902 m yi xity 1

Thus it is 55

Define an equiv rel on 55 by
30 31 3 230 X2 X2 for E S Cet

Def p E3 10

There is a projmap T 55 p

3031 30,31323

with fiber s

I 55 CP is a fiber bun w fiber s

s 55

eP

Pt Exercise

Usingthe homotopy exact sequence ofthis fiber bundle
T S5 T Cp To S To55

We conclude that ICP 0



The CohomologyRingof CP

ByLeray's theorem theEz termofthespectralsequence is

E HPICP 11 5

and the Ex term is

1 1155

t

4 5

Wewillwrite an element aob of H G 11 5 as ab

So n E E is actually 10 HIP 14 s

As the imageof S under a continuousmap 7 55 CP

P is connected Therefore H CP IR Since

E H EP HIS IR H s 1 95

the 0thcolumn is the cohomology of S

Similarly
Heap Hols HPCP IR HPCP

the bottom row is the cohomology of ICP

Since d dy ds all move down at least 2 rows

they are all 0 It follows that

E Ey E 4155



In the category of vectorspaces theassociated

graded of a filtered vectorspace is isomorphic to
the vector space

Thus

ft

0 1 2 3 4 5

Considerthe box E Theoutgoing dz E E 0

and the incoming dz Ez D Ez are both the

zero map Wehavethe sequence

E 0

The cohomology of this sequence is E3 Since the

differentials are all 0

O E H YE 49T Ei

Th
E H Gp2 0 Hols H EP IR H CP
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Next
Ez H Gp2 H S H CP IR

H CP 0

ie tttt
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Claim The differential dz E E is an isomorphism

Theoutgoing dafrom E and the incoming da into

Ez are both 0 We have the sequence

0 E E 0 A

The cohomology of this sequence is

0 Ez E 0

Sinceboth E E 0 thesequence is exact

Therefore dz is both injective fromexactness at Ez

and surjective from exactness at E it is

an isomorphism

Conclusion E E H S R

Underthe isomorphism thegenerator re H Is maps to

a generator U dad HIP



i

Ez H f

0 1 2 3 4 5

Then

E H CP H S ROIR IR

withgenerator a a use

tt

0 1 2 3 4 5

Claim H 5 E 0 thesamereasoning as Ez

q

Ii tt
0 1 2 3 4 5



Then E Cp H S 00 IR 0

tt

0 1 2 3 4 5

Claim de E E is an isom

sameargument as for da E E

EY 44 p H s H GP IR

with generator

dz un day
e t n d k Udie u u u

because de is an antiderivation

t

0

0 1 2 3 4 5

In conclusion

H CP IR I IR U IRU degu 2

FEE
Exercises 1 Compute the cohomology ring of ICP

2 Compute the cohomology ring of IRP


