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When Is a LocallyConstant Presheaf Constant

Ourgoal in this lecture is to show that the Ez
term of theLerayspectralsequence of a fiberbundle
T1 E M withfiber F is

19 HPM 118 F

Forthis wefirstneed a criterion for a locallyconstant
presheaf to beconstant on a good cover

If U is an open cover of a topological space
We can associate to it a simplicialcomplex N U

called the nerve of U whose vertices correspond to

the opensets in N Thevertices of the barycentric
subdivision N 2 of N N correspond to the nonempty

finiteintersections of opensets in N A presheaf on V

is acontravariantfunctorfrom NIV arrows to thecategory

ofabeliangroups

Arrested ton

fdyII.EE fif for all V Open

ofopensets in N FV is G and W C VEOpen U

SY is an isomorphism Everyedge loop toK Ve_

of NCM defines an automorphism of 7Vo by

V0 Five 714 FV

Notation To simplify thenotation we will sometimes
write 5 for 8



Wewillprovethefollowing theorem

The If a topologicalspace is simply connected and
M is a good cover of X thenevery locallyconstant
presheaf withgroup G is isomorphic to the constant

presheafG on U

Monodromy

Normally therelation 9 59 5 holds only if V2 V CVo

Prop Assumethat 7 is a locallyconstantpresheaf on an open cover

M If VoY V span a 2 simplex in NN then forany
permutation 53

go S 5

Proof Anedge in NIV or NIV expresses a containment

Given 3verticesof a 2 simplex there is a smallestopen set

and a largestopen set So if V0 Y V2 span a 2 simplex
in NMS then there is a permutation orof20 1,23
so that

Vros Kas Yes
Wilog we assume

V2 C V CVO
Then

812 99 52

so 9 81209 I

This says 8 op e

Hence go e 09h 1



Similarly p p 1

Thus in any 2 simplex

guy714
the automorphism of 714 induced by anedgeloop
at Vi isalways the identity B

I let F bea locallyconstantpresheaf on anopen cover U ofX
Equivalent edgepathsfrom Vo to Y in N n induce

the same isomorphism from FN to F Vo

E Enough to checkthatthethree types of equivalences
induce thesame isomorphismfromFCV to 7Vo

i VV V

The two edgeloops induce

710 FIV and 7 v

ii Nov V

They induce

7H 7h and 7hr

iii If U V W span a 2 simplex in NIV then UVW UN

They induce 5 SY and PL whichare equalby
the precedingproposition

Thus equivalentloops at Vo inNIV inducethe same
automorphism of FVo sothere is amap



Y E Ntr Vo Ant 7 Vo

4 VV Va V Sf ftp.ipf

which is group antihomomorphism called the

monodromy of 7 on N

Cor For a locallyconstantpresheaf 7 on M
if E N N Vo 21 then any twoedgepaths

from to toUs in NIV inducethe same isomorphism F Vo FIV

PE If α and β are twoedgepathfrom Vo to V1 then

α β is anedgeloop at V0 Since E NV4 v 1

α β 1 so X p β β or α β By the theorem

and β induce the same isomorphism 7 Vo 7 V

theorem Let U be a good cover of a topologicalspace
If N N ispathconnected and E NOV 4 thenevery
locallyconstantpresheat withgroup G on N is isomorphic

to theconstantpresheaf G

PE Fix V Nr as thebasepoint Forany NO
choosean edgepath Vov VpY fromVo to V anddefine

theisomorphism 8 8 Sk F V 714

Since E NIV 1 the isomorphism 5 is welldefined

independentofthepath Fix an isomorphism F Vo G



714 G
s

an

anddefine FV G by Sto ForanyVENUS

we have a commutative diagram

710 G
710 G

s
act t t

wife 11 T
714 9

where 99 5 8 710 Flu Thecommutativediagram
above showsthat 7 G is an isomorphism

Theorems Let it be a good cover on a topologicalspace
Thenthereis a groupisomorphism

Ty X E NIV 0 E NIV Vo

PE See BothTubooktth13.4 pl adArmstrong

Th If N is agood cover on a path connected
simplyconnected topological space thenevery
locally constantpresheaf 7 withgroupG is
isomorphic to theconstantpresheafG on N



The CohomologyPresheaf28

Consider a fiberbundle E M withfiber F and
its cohomology presheaf on 0 H O H TO for

Open M

Fact A fiberbundle over a contractible space is trivial

The LetT1 E M be a Cfiberbundlewithfiber F
and N a good coverof M Thenthepresheaf 21810 H D

for U open in M is locallyconstantwithgroup 1
8 F on

thegood cover V

Proof SinceV2 apfOpen N is contractible

02 xp V20 xp F

so that

71 2 xp
I V4 xp 118Uq xp F 119 F

If VCU are both contractible then there are
commutative diagrams

U U F 4 10 11 F 17

o o anti antiv V F

Thus H is locallyconstantwithgroup 11 F on V2

The isomorphism 54 H TU IV need not be the

identitymap it could be 1 for example if the
orientation on TT U and TV do notmatch



Theorems Let T E M be a C fiberbundle over a

simplyconnected basemanifoldM SupposeU is a good cover

of M and 118F is finite dimensional in eachdegree8
Then

if r ee HPM H F

PE Since M is simplyconnected T M E NIV V 13

so that thelocallyconstantpresheaf 28 is isomorphic to
the constantpresheaf HE on thegood cover U Since

HF IR0 it it I In
on U

HP r 88 HPCR Rm HIM IE
HPM bytheCech deRham isomorphism

HPM IRM

HPM 119 F B


