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Applications of Spectralsequences
WewillproveagaintheCech deRham isomorphism and the

tic tac toe lemma this time usingspectralsequences
5T convergent

Th Foreveryfirst quadrant double complex K K D filtered

byp thereis a spectralsequence Er dr such that
E Ha K

Ez Hshack

d Ef E

converging to Hp K more precisely
in eachdegreen for all r n

E Ef E GHICK where

thefiltration on Hick is induced from thefiltration on K

Takingthe bidegree intoaccount E pÉ E
and GLICK H K H K 0H 4K

EE.itII
A Second Spectral Sequence

Instead of filtering K K by p one can also

filter by 8
kg go K I

I

Thisgives rise to a second
spectralsequence Ei dr



gr
converging to Hp K but with

Ei HSCK Ei H Hg K

and di E E
8 r

and with E GHock

The tech deRham Isomorphism

Let M Ux αEA be an open cover of a manifold M
Thetech deRham complex is K KP8

KPG CP N 528 020 xp

Sinceeach rowof K is a generalized Mayer Vietoris
sequence withoutthe initial term the E term of the

secondspectral sequence is

E Hs
24
n M

Therefore the E fm
I

r

M
E Hats

Since di move to the left onecolumn di 0 For a similar

reason di o for r 3 Thus Ed Ez
In degree k EI hasonly one nonzero box 11h1m

so EG ʰ HMM

U f he



Next suppose U is a good cover ofM The E term

of thefirstspectralsequence is

8E Hd 0 0

Car E CYN.IE CYM.IR

so theEz term is 0 0

0 O
E Hst'd

fee 12 MarIR GR

IT
Since dr V22 maps thezeroth row into the

fourthquadrant
g d 0

Thus
E Eg E HIME
GH v 29 12

H Car sinceHf Crs hasonly
onenonzerobox

Combining 1 and 2 we get thedeRham Each
isomorphism

HCM 5k M IR



Tic Tac Toe Lemmas

Th If Hd of a first quadrantdoublecomplex K
hasonly one nonzero row or column then Hgtld HD

He

Proof If we filtered Kby p thenEland
Ef HsHa Since E Ha has at most one nonzero

row or column the same is true of Ez HsHd
Then dr 0 for all A 2 so thespectral sequence
degenerates and
HH EL E EJ G H k Hf K

Thus HsHa Hp

Examples

1411 Hi

In these twoexamples Hgh hasthesame shape as Hy
For v22 de 0 so that

Hgtld Ez En GHD K Hp K

where GHIK Hpfk because ineachdegreeh
there is atmost one nonzerobox



Vector ValuedForms

Def LetWbe a realvectorspace A W valued k form on

a manifoldM is a function w that assignotteachem
analternating k linear function

Np Ifggfm
w

Choose a basis er for W Then a W valued form is

uniquely a linearcombination
w ETwie

Def dw Σ dwi ei hisdef is independentof the
choiceof e en

A vector valuedform onM can beviewed as a column

vectorofordinaryforms

Notation 1M W C W valued k form on M

HʰM W kthcohomologyofW valuedformsonM

Example 11k R W W for a o
0 for h 0

The Ceh deRham Isomorphism LetW be a finite dimensional
Vectorspaceand U a good cover of amanifoldM Then

Hʰ M W HIM W
where I is thepresheaf of locallyconstantW valued
functions on M


