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CehCohomology of a Topological Space

Direct Systemsof Groups

Def A directed set is a set I with a binary relation that is
reflexive transitive and has the upperbound property

Ex Let X be a topspace The setofall opencovers ve of X
underrefinement is adirected set N V Or is refined

by

A directed set I is a category in which the objects are the
elements ofthe set and for any a b E E

Mor a b a b if a sb

otherwise

Def A directsystem ofgroups indexed by a directed set I
is a covariant functor from I to the category of groups

Def let Gi c I be a directsystemofgroups Thedirect limit

life Gi It Gi where FatGa 9b Gb if a andb

areeventuallyequal c a and c b s t f 9a f 8



Def A subset 5 of a directed set I is coffal in I

if ieI jEJ sit is

A cofinal set of a directedset is also a directed set
For g E Gi denote FIJI theclass in lifies Gi
and 8i theclass in limit Gj If SaeGa and8b Gb

are equivalent in J thentheyare equivalent in I so

there is amap Q lifies Gj list Gi

9 Side

Th Let Gi ie be a directsystem ofabeliangroups
If J is cofinal in I then

4 life t.fi

is an isomorphismofgroups

PE injectivityof4 Suppose for some JaeGa IfGb we

as Ib I

Ga t 8 Since Jis cofinal in 1 CEJs.t.co d

h fffffffhffff.fiHere Galj 9dg

Surjectivity of 4 let 97 lemia Gi with Si tGi

Sj Gi Gj so 9 I Then

4 Gj Sj Fitz



CeshCohomologyof an OpenCoverecoefficients in a Presheaf

Let F be a presheaf on a topSpaceX and V2 an open
cover of X Define

CP M 7 xp

and
8 CPM 7 CP M F

b
Sw g xp

1
who apr1

Then CCM7 s is a differentialcomplex Itscohomology
is FCM 7

Cech Cohomology of aTopSpacew Coefficients in a Presheat

let F be a presheaf on a top sp X We want to

make HP M F
or into a direct system ofabelian

groups For this for each refinement V2 U

U VsβEB and N Waldea with refinement

map B A we need a restriction

8h HP R 727 TIP N F

Sep 1 Define
N z CP N F

by
w
β βp

5 po p ppl F Var pp
fissfited This 1m
Wolpo Pp with therestriction to FVpopp

understood

sty 4 8 8 leasy



Step3 If Y B A is anotherrefinementmap
then y CPM7 CPU 7 are

cochain homotopic via a cochain homotopy K

EPIN 7 CP M 7 CP n g

cry entiti no e
restricted to F Vp Bp1

KW po ppy Wapo pi Ypi Tpp il

SK SK

Proof Check at home

So and Y induces the samemap
So F µ N 7 1 14 7

Sep4 Thismakes HIM713m into adirectsystemof
abeliangroups indexedby open covers under refinement

Def Cech cohomology of a top sp Xwithvalues in
X 7 link Mar 7

Note Since Vp Valpin and Vp E Umi I
Vpo Pp_ Upo 98 4 pi 4Cβp i



Derham Cech Isomorphism

Since thegoodcovers are cofinal in thedirected setof all open
covers of a manifold we can useonlygoodcovers to calculate
HIM IE

Th Foranygood cover Not amanifoldM the deRham

Ch isomorphisms

HIM
IF
HIM E HEN E HIM R

induces an isomorphism ft HTM HIM IE


