




















































































NCTS 5053 Lecture 21 5 2 2024

TheSpectralSequence of a FilteredComplex

Def Adifferentialgroup is an abelian groupG with a map
d G G such that d 0

Since and e herd the chrgy group HCG bend ind

isdefined

A
speffgane

is a sequence of differential

groups such that each Er is the
cohomology of its predecessor Eri It may be
viewed as a book withmanypages sit when one
turns a page the next page is the cohomology of
the previouspage An example comesfrom a doublecomplex

K with two commuting differentials d and S The
cover page is d the first page Ha 8 the
second page Hstld If Hehasonly one nonzero row or

column thebookendsthere

ExactCouples

Def An exactcouple is an exact triangle
A A

kt I A E i j h

of abeliangroups and group homomorphisms























































































Example Suppose there is an exactseq of cochain
complexes

C C B o

where C nezC and B 2B By the zig zag
lemma there is a longexact sequence in cohomology

H B HTC H C HIB MIC

Wemayarrange this exactsequence
in a triangle

1th
may

then

HC HCC HCC

t.ie nka
BY H B H B

HEB is an exactcouple

Derived Couples

Define d E E by d jok Then d jk.pk
0

so that HCE is defined

Prod In an exactcouple A E i j k k E A

induces a homomorphism h H E i A

PI i k E A
maps 2 E to i A

Pf Let CEO E Then de Ike 0 Byexactness
he her j im i So at A st he ia























































































i k E A maps B E to 0

PE k de Like 0 because hj o

T
Thus k A induces a map h HCE I A

L Le ia where he ia forsome atA

From an exactcouple A E i j k we can get a
new exact couple

A A

K
j

called its derivedcouple by letting A ICA E HCE

i i A i A i ia iia

j i A HLE j G ja

Checking that j is well defined
i ja is a cycle dja jkia 0 since kj o

Iii ia in ja ja ica a D a a he forsome e

j a a jke de so ja ja 0

Although i A A is notinjective we write it a to mean

anyelement in i a

Since j a j ia ja is indepentof thechoice of a we

maywrite

j a jia HIE

Th The derivedcouple 4A E if I b of an exact
couple A E i j h is an exactcouple























































































Startingwith an exactcouple Ai Ei i J k by
takingsuccessivederived couples we get a sequence of
exactcouples Ar Er ir Ir hrs 8 1,2 dr John
in whicheach Er is the homologyof its predecessor

A A A AI

E affi
A A

a ti

Ex The spectralequenceofan exact couple A E iii h

is Er dr r s from takingsuccessive derived

couples

Thetermsofaspeetralsequencesinceii.AT

A A A C A Thus
in a spectralsequence of an exactcouple

A A Az A 7

Since i A A is given by i ia iia
i is the restriction of i to A A

Thus Ir Ar Ar is the restriction of i

fir itar
We will write i instead of it Then

Az i Ai I A

As iz Az I A CA

trial























































































Filtered Complexes

A cochainomplex K ok D is a sequenceof abelian
Groups

0 KO K k

5 t d 0

A subcomplex of K is a subgroup K's t.DK K

A filtration on K is a sequence of subcomplexes

K Ko O K Kz 7

fifth
EEE

associatedgradedcomplex GK Kp Kpa
Since D Kp Kp sends Kpt to Kptl
it induces amap D Kp Kp Kp Kpti

Ex Let K 2 with filtration
2 232 00

Then GK 2 32 32 not isomorphic to K

Ex Suppose K is a vectorspacewith a filtration oflength
Then K Ko K K 2 7K so

dim GK doin Kpd drink dirt dink
i i fink

dimK dink
Thus for afilteredvectorspacewith a finite titration Kp GEEK
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SpectralSequence of a FilteredComplex

Let K nÉK be a filteredcomplexwith filtration
Kp3 0 Extend p to 2 by setting Kp Ko K for pao
Let C Kp if C C be the inclusion

Cpt Cp

1

LIFE
B É KPKp KpKp

Thenthere is an exactsequence of C complexes

C C B o

C K k K S K O K 7

11 1 11 A n

C K K K Ko K

B

This induces a longexactsequence in cohomology

which may bewritten as an exactcouple

HCC HC def A A

T Li at4H B

Def Thespectralsequence of afilteredcomplex KEEK
with filtration Kp

p z
is thespectralsequence of the

exactcouple HCC HLB i j h 7
A E


