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Thom IsomorphismRevisited

Weprovedearlier theThom isomorphismtheorem

The For an oriented vectorbundle T E M of rank r
over a manifold M of finite type integration along the
fiber induces a linear isomorphism

HE E 119Ym

Wewillgeneralized theThom isomorphismtheorem to

possiblynonorientable vectorbundle over a manifold that
neednot be of finite type

The Presheaf Hat of homologywithCompactVertical Support

Let T E M be a vectorbundleof rank r over a

manifold M of dimension n For U C M open define

H 0 HE TO H Elo
and if VCU define

SY H U H EV

to bethe restriction ThenHE is a presheaf on M It

simplifies under two hypotheses

I HEonagoodcover

IMLetM4 eA.be a good cover of M For any

V4 α Open U finiteintersectionsofopensetsof U



because a vectorbundle over a contractible space is
trivial

1 V4 xp
H V4 α R

H U α
Poincarelemma
for compactvertical
support

f iii ie
Thus on a good cover M thepresheaf 2 0 for

qtr

I H on a good cover ofM and E isoriented

If U is a good cover of M and
V V Open M then integrationalongthe fiber
induces an isomorphism

H u R U locallyconstantfunct on
This isomorphismdepends on theorientation on the fiber
When T E M is oriented there is a consistent

wayof orientingthefibers so that the following
diagram is commutative for any open V E U

H u HELEN IF H IN

sit
HE V HILT V HIV RN

This is precisely the condition for Hr and I to

beisomorphic as presheaves Thus



ITE Il IE is an isomorphism ofpresheaves on a good cover

1 of M for an oriented vectorbundle T E M

If E is notoriented A neednot commute since

I v maybethenegative of F u

GeneralizedMayer VietorisSequence for CompactVerticalSupport

Let T E M be a rank r vectorbundle not assumed

orientable Let N V2 αeA be an opencover of M
Then TIM V2 αeA is an open cover of E Define

8 Tsi Ua xp Tt si
dos Cdp xp cap

er 40 4 1

by
Sw

xp c 1 dg I dpt

Th GeneralizedM V sequence for CV support

0 IE Of E'V2 2 Uga

is exact

PE Same as for 281



TheCech deRham Complex with CompactVertical Support

The Cech doRhamcomplexwith c v Support is

K CHIN R V8 ap

9
TI R Wada

K
i liar C t.IR TIR'd Van

p

Each row is a generalized M V seq Except formissing the

initialterm I E

Ex 0 0

Hg
0

RICE O

III
Ex 0 0

Halts 8 8 11 HIE
FILE

8A
CAR

Ha
I HIT'U xp

T H Woo xp

p



I

Thus It PC N 26 techpcochains w valuesin H

If V is a good cover then the only nonzero H is that

So that onlythe rth row ofHd is nonzero

H CH H C'InH CYM.AE
0

p

Then

HsHa
M H M H o 144N H

o o o

0 0

By the tic tac toe lemme since Hs hasonly one
nonzerocolumn

1181M HHg H

and for a good cover since Hahasonly onenonzerorow
H H H 1 12

Thus for a good cover U of M
H M 1MarHiv

This shows that the Cechcohomology of all good covers
are isomorphic Since the good covers are cofinal in
the set of all covers



1M ftp.tianya.se rice

Th Thomisomorphism for a notnecessarilyorientablebundle

let T E M be a C vectorbundle of rank r over

a manifold of dimension n Thenthere is linear isom
H E A M H

If T E M is oriented then HE is the presheaf IE
of locallyconstantfunctions Bythe Cech deRham isomorphism

1 M H HIM IE 48YM

ThegeneralThom isomorphismtheorem becomes

The Let x ̅ E M be an oriented vectorbundle of
rank r over a connectedmanifold M Then

H E R for 8 r

0 otherwise

This is the same as what we prove earlier
but now M need not be of finite type


