
 NCTS Lecture 23

Filtrations of Infinite Length DoubleComplexes
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If a differentialcomplex K D is filtered by an

infinitefiltration
K Ko O K S K s

then A Az As neednotterminate and thespectral

sequence Er dr neednotconverge
However if K 9K is graded and in each

degree n thefiltration Kp K nKp on K
K Kf K K Ke 0

is finite then the spectral sequence Eiofthe filteredcomplex
K converges to E GH K In this case one can use

the spectralsequence to compute HD k degree by degree
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theorem let K É k D be a filtered graded
complex with a filtration ofpossibly infinite length

K Ko O K K2
Suppose in eachdegree n with KY K n Kp the

filtration
K Kf K ok skin 0

hasfinitelength In Then foreach n ER3
stabilizes and E G H K withthefiltration F HK nF

Proof Let AT elements ofdegree n in Ar Then

An H C H Kp H e Kp

isthedirectsumof the groups in thesequence

H K H Ko HYK HTKen 0

Az is thedirect sum of

H K H Ko in K if itick in Ken o



For rs In At is thedirectsumof
H K H Ko IHIK i H Ka I inticken o

F F
where all the

matp
i have become inclusions and because

Fp P
f itµ Kp H K Fp

Thus for r ln A r becomes stationary
At p Fp

and i A Ah i Fpa Fp becomes an inclusion

Let A bethestationaryvalueofAhr

Wedo not have an exactcouple in degree n

A Ar
h
Er

because k raises the degree by 1 butwe have an exact

sequence

ET Ai Ai E A A

For r In since i is injective byexactness

in kn her i 0

so hr is the zero map and we have a shortexactsequence

0 A AT Ef 0

A



Thus for r In Er also becomes stationary and
Ef E Ar ILA e.FI eFp i

F FF

G H K

wherethefiltration Fp H K Fp is the degree n

componentof the induced filtration Fp

The Spectral Sequence of a DoubleComplex

Let K K be a first quadrant doublecomplex
with filtrationby p
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Wehave an exact seq

0 Kpt Kp Kp kp 0

hence

0 Kpt Kp Kpkp 0

T T T



This gives rise to an exactcouple
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DifferentialDonte

wt b B XP

1 Kpt

Since D Kp Kp sends Kpt to Kpt there is

an induced map
D KP

Kp
KPKp i
B

For b E Kp Kpti
D b Db Sb C1Pdb 1 P db C 1 d b

Thus D 1 17d on B and

E Hp B Hd B Hd KPKp i Hack

Anelement b E E HdK is represented by an elet b K
G

st db o
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i H Kpt H Kp is given by
i C C

j H Kp H KP Kpt is givenby
j a jle

k H Kp Kpt H kpa is the connecting
homomorphism

Kpi K KIK 0

D D D

Kpt I Kp KIKI 0

b b

Let b H KpKp where bekp and db 0

1 Db sb Idb Sb KYI becausedb 0

2 k b Sb E H

Thus d b jkIb job Sb
g

cnn.ie i s f
Hence Ez Ha Ei Hg Ei HgHa k
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is represented by bek it db 0 and

8 b Sb old
sb dc D same

Then
D btc Db 8 c so So

b

I

Denote the class of b in Er by b r if it is defined


