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Cohomology of a DoubleComplex

Thedirectcomputationof HJ ofa doublecomplex
is oftendifficult In thislecture we develop othermethods
Let K KP be a double complex with anticommuting
differentials S and D C 1 d Thisgives rise to three

cohomologygroups HD HsHa Since S commuteswith d up
to a sign 8 induces amap on Hd Hack

H it rid
whichagain satisfies 8 0 Therefore Hgh isdefined

Similarly H Hg is also defined Thus K has 5cohomology

groups HDHs Hd Hgtld Hats

TheTic Tac Toelemma

I let K be a first and2nd quadrantdoublecomplex K 0

for 8 0 If Hd hasonly one nonzero row then HgHg HD

H Hs H

Anelementof HsHd
a isdefined iff dat

y
oa isdefined f

iff a is defined and SIT

iff 19 0 and sa db 1 1 Pd 1 b D her ptb



If Hd hasonly one nonzero row saythenth sodoes HgHg

Tofind an isomorphism Hgtld HD wemaystart with do g
t HIHd

Lemma Extension to a D cocycle Suppose K o for 8 0 and

theonly nonzero row ofHd is the nth row If adds H Ha
then can be extended to a D cocycle ink

D 9 9 da Sa D a 89

bn

sing ftp g ssdaaedfazµg

c man

Continuing in this way we end up with an KP

and San Dant with an k 0

Thus San 0 and D 9 9 an 0

AT
means Sa D92 11 so that say 92 0

Define h Hgtld Hp by
d on nth row a at art an

Ii other rows 0170

HQ show that if 9033s bods and bot bn is any
extensionof bo to a D coagele then h 933s h bosals

so that h is well defined



Lemma shorteninglemma Suppose theonlynonzero row of

Hdis the nth row Thenany Dcocycle
a at a

ink canbe shortened in its cohomology class until it has

no components abovethe nth row

n
fff

suppose aoek g n

Since da 0 and 4
8
0 b E K

sit 90 Dbo

Then a Db a b 8b

a D b is shorterthan a

Repeat untilthere are no componentsabove the nth row

To define 9 H HgHd let a a a Ek

be a D cocycle Bylemma we mayassume a H

Define

g a 9 d g
10 Show that 9 is well defined

g h 9 9 a Car

h o g a h Cao a

This proves the tic tac toe lemma

If Hehas only onenonzero column similarargument
Hgtld HD

11ft



The Suppose K 0 for 8 0 If Hd has either only
one nonzero row or only one nonzerocolumn then linear
isomorphism HsHd Hp

By symmetry
I Suppose K 0 for pro If Hs haseitheronly
one nonzero row or only one nonzero column then

linear isom Hats Hp

The Cech deRham Isomorphism

let M be amanifoldwith an arbitrary open cover

M V2 LEA ConsidertheCech deRham complex

cm d cln.rs cars
4

coin r cities

Since eachrow is exactexcept at thezeroth term

Hs

Mm 0

Hg mm

sÉM
and

Hat's fHIM



Since Hg hasonly one nonzero column by the
tic tac toelemma HEH H M HECTURT

Now suppose U is a good cover Becauseeachcolumn

is thedeRhamcomplexofopensetsdiffer to IR eachcolumn
of theCech deRhamcomplex is exactexcept at the 0th
term Thus

o o G

i
H o o
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and

s
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Bythe tic tac toe lemma

HF HERIE H Ctu

WeobtainagaintheCech deRham isomorphism for a

good cover
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