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Filtrations of Finite Length

Spectral Sequenceof a filteredComplex

Let K ÉIK D be afiltered complexwithfiltration
K K K Kz 7

Wewill write H K for HpK

Define Kp k k for pro

TIE
Foreachpe2 there is an exact sequence

0 Kpt Kp KpKp 0

Summing overallp gives

Iff fqfk.pt
0

This shortexactsequence gives rise to a long exact
sequencewhich we arrange in a triangle

HCC H C A A

T I

HIB
k

Takingderivedcouplesgives rise to a spectralsequence

Er dr thespectralsequence ofthefilteredcomplex
K Ko K Kz 2

Whatdoes this spectral sequence compute



Induced Filtration on HCK

A H Kp is the direct sum of the terms in

H K H Ko HCK H Ka

where the map i neednotbe an inclusion

Since i H K H Ko

IH K imi E H Ko

Similarly since iz i IHC inCK

iiH Kz im iz e inck

Since is i iiH K iink
I

iii H Kz in is C iiH Ke

Thus there is a sequence of subgroups
HCK I HCK PACK i HKs o

to

Det Fp itH Kp is the inducedfiltration

on the filtered complex K D induced from

thefiltration Kp on K



Filtrations of FiniteLength

The In thecategory ofabeliangroups suppose thefiltration
on K D haslength 3

K K 2k 7 Kz ok 0

Then
i A As As A
II in is 6 inclusion

Ii Ex E E E G Hp14 for the induced
filtration Fp IPHKp on Hpck

C is thedirectsum of alltheterms in

K Ko K K EEKz 2 kz
A H C is thedirectsum of all theterms in

HK H K É HK HCK Ke HIB 0

11 u u u

AF IA HK 1 Ko iHCK in Ke ill Ks o

Ag iAz H K
IICK ii ka i k o

Thismap is an inclusionbecause
it is inducedby themapabove

Ay IA IHC iiH Ka iii ticks

In thediagramabove although weknow ii H Ka Cit K

wedonot knowthat i iiHCKz inCKD is an inclusion

unless wefollow the arrows in the commutative diagram

In Ay all the i's have become inclusions and Ay is the
directsum p z

FP of terms in



HK HCK 2 in K iiH K2 Iii H Ks 0

to
u u

As Hk ink iitik.dk iiiticks 0

Since all the I's become inclusions As is the same
direct sum Thus

Ay As As Ao

In the exacttriangle A Ay

k

since i Ay Ax is injective inky her i 0 Hence by 0

so that dy 740by 0 Thus

Eg H Exdy Ey

The Ai's form a sequence of subgroups
A Az A 7

Since is As As is the restriction of it is is alsoinjective
Similarly all in r 4 are injective

in injective in hr her j o for o

do John 0 Er H Er Er

Thus
Ey Es Eg Ea

In the exactcouple A As Ax A

411



themap i Ay Ax is an inclusion but it is notthe identity

for it maps Fp to Fp Since he 0 there is an exact sequence

07 Ay Ax Ey 0

Fpt Fp FpFpa G H KS

Thus Ex is theassociatedgradedcomplexof Hp K
with the filtration Fp In this case we say that
the spectralsequence converges to Hp K

Th Let K D be a filtered complexofabeliangroups
Suppose thefiltration haslength l

K K 2K Ke 0

Then
i Aen Ae Aef Ao
Ii Eet ien ie inclusion

Ii Ee Eetz Fy E G HIM for the induced
filtration Fp iPHKp on Hpck


