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ProductStructures Presheaves

Weproved lasttime

Th CechdeRhamisomorphism If U is agoodcoverofa manifoldM
thenthereis a linearisomorphism HIM HER IE

Wewillshowtodaythatthis isactually an algebraisomorphism

Producton a Differential Complex

Suppose K Kʰ d is a differentialcomplexwith
a product fatsis Katb r a b a borab

relative to which d is an antiderivation ofdegree 1

for homogeneous a b EK

d ab da b 1179 a db

It iseasy to verify that
i cocycle cocycle cocycle
Ii cocycle coboundary coboindary

ii coboundary cocycle coboundary
Withtheproduct K becomes a ring
i ZCK ingasubring
ii iii B K coboundaries is a two sidedideal in 2 k
Thus a product on K induces a product

i e a product on the cohomology HK



Product on the Cech deRhamComplex

Let U V2 Lea beanopen cover ofa manifoldM indexed

by a linearlyordered set

Def U CPR R x R R 1 12 1
5

is definedby for Wf CPU and T E UN
WUT α per

1 who xp Tap dy
where on theright it is understood that bothforms are
restrictedto Udo Lper

1 comesfromthe exchangeof 8 and r from left to

right in

Th D S D are antiderivationswithrespect to
Suppose we C NR8 TECH I
i D Wnt DW AT 1368 an Dx
i S Wnt SW it 1368 we 8T

Iii D WUT dw T 138 and t

wheredegw Pt8

When p r o

U CPM x Cr Ss c m.net
WUTα Wα Tα

is the wedge product on each open set ofthe cover N
Hence therestriction map

r ICM Car E CCM.MY

is a cochainmap thatpreserves theproduct It followsthat
the linear isomorphism r HTM HI Car527
is actually an algebra isomorphism



ally algebra 1

Product on CechCohomology of aCover

TheCup product
U CP r r x R R c Er

induces
u Coca E m E CP M R

which in turn induces a product on Each cohomology
U 1MarB x HCME 71 M E

The inclusionmap
i CTMIE CAN C Ctn r

isacochainmap thatpreservestheproductstructures
Hence the linear isomorphism

it M.IR H C m r

is also an algebra isomorphism

Th TheCech deRhamisomorphism
r E HCM

is analgebraisomorphism

Curiousfact TheCupproduct v on Cechcochains
u CPMR C MR C N IE

gives UT
g per Who xp Ip αptr

T Uw do per xp why dptr

SinceTap par and I Lp are on differentopensets there
canbe norelation between WUT and Tuw Thus

isnotcommutative in anysense
However by thetech deRham isomorphism U corresponds

to Since is gradedcommutative
deg deg



gr
W T 1 ET NEW

although
we 1,68 dg new

Example Agood cover of s is
V2

V

V

To every openset Ui associate a vertex vi
If Ui no draw an edge betweenNi andNj
The resultinggraph is called the nerve ofthe
open cover TheCechcohomology of a good cover
dependsonly on its nerve

By the Ceh deRham isomorphism HTM

ofa manifoldM can becomputedfromthenerve of a

good cover ofM



Presheaves e.g 11 IBI

Def A presheaf 7 on a topologicalspace X is afunction

that assigns to everyopen set U in an abeliangroup
F w and to everyinclusion ZY V U a group
homomorphism

ff an air

such that
i identity 58 170
i transitivity if WEV EU i if it then

88 8 54

Let OpenX bethecategorywhoseobjects areopensets in

andwhosemorphismsare inclusionsofopensets

Equivalentdef A pref 7 on X is a contravariantfunctor
fromOpen x to thecategoryofabeliangroups

Def let 7 G bepresheaves on X A homomorphisms f It
is a collectionofgroup homomorphism fu 70 GCU onefor
each openV in X thatcommutewithrestrictions

710 GO

et Ie
3 v GIV

Equivdef
naturaltranforkf.fm

ofpresheaves f g G on is a

of functors



Example i d O on a manifold

215 E U locallyconstantfunctions on V3
Iii Fixan abeliangroupG Let

G U locallyconstantfunctions h U G

Presheaves on an OpenCover

LetME 02αeA be anopen coverof a topological
SpaceX and let Open U bethecategorywhoseobjects

are allfinite intersections ofopensets in N and whose

morphismsareall inclusionsoftheseopensets

Def A pref 7 on theopencover Of is a contravariant
functor F Open N Categoryofabeliangroups

I Arrested

c tagontifighed
withgroups

if U EOpento 94 1g

flefifft
withgroups if
FCU G isomorphism and V U

PY 710 F V is an isomorphism

Example Thepresheaf G oflocallyconstantG valued
functionson a top sp restricts to the constanteshed
withgroupG on anygood coverofX

Example let E M be a C fiberbundlewith
fiber F Define 28 to bethe presheaf on M



2 1 48 TU
Weclaimthat 28 is locallyconstantwithgroup 118F
on anygood coverof M

If If U is contractible then TIKU UxF so

HE IW H8 U F 48 F

If V is a contractible subset of U then

U U F HETTV H U F H F

x̅ v H TV 19 VxF H F

Sothe restriction is an isomorphism I


