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TheCech deRham Isomorphism

The rows of the Ceh deRhamcomplex C.CM I
startswith I 114 2 44.4 This

is thegeneralized MayerVietorissequence except for the

missing initial term 1cm Wecan augment the Cich
deRham complex with this addition column Then the rows
of theaugmentedCech deRham complex are precisely the
generalized Mayer Vietoris sequences
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Therestrictionmap r ICM TIn satifies rd dr

and so is a cochainmap We will prove the following

Th GeneralizedMayer Vietorisprinciple If a manifold has an

open Wa a
indexedbyalinearly ordered set A

therestriction r RTM Cr I induces a linear
isomorphism

p H m H Car



TheAugmented Complex

I 1Def
121.9 K K't k her D K K

I

thymantcomplex

Ex KIM TINY TIR

has TEED wa 0
0
0 on Van

59M
Thus thenewcolumn of the augmented C dR complex is the
deRham complexof M

The 1 If all the rows oftheaugmentedcomplex of a first

quadrant doublecomplex are exact then r K K

induces an isomorphism

HJ new column k

Lama shorteninglemma If every row of a first quadrant
doublecomplex K K is exact exceptpossibly at the zeroth term

then a D couple C cot ten ofdegreen ink can be
shortened in its cohomologyclass to a D couple withonly the

top component at K



Pf for n 2

Suppose DC D 8 9 8 9 0

f f since the bottomrow is exact

503 0 Sba for somebzek
GO Replace c by

e Db q 9 c c D b Sba

9 C2 D bz CMB
C Dbr is D cohomologous to C and is shorterthan c

Repeating the procedure until we endupwith a single component
AoE K

Since the rows are not necessarily exact
3

2
at the0th term theprocessstopshere

1

Pr
i suppose c is a D cocycle ofdegree k

Bythelemma it can beshortened in its cohomologyclass

to a Dcocycle at Koh Since 89 0 and the rows ofthe

bff
augmentedcomplexare exact a bo

for somebo K
ʰ
By the commutativity

of thediagram

Db 0

D

bo of



n Dbo D 1 bo do 0

Since r is injective D bo 0 Thus bo defines a
cohomologyclass bo K such that

bot ribo Lao

Injectivityof f Suppose r w Dc for some C Cot ch 1

Then Dapr1 D By the same argument
as in theshortening lemma we canof

I
shorten in its cohomologyclass

G 1 0 until it has only the top
component ie there is

a cochain b suchthat C Db q E K Then
rw DC D a Db Dao Dao D ao

Comparing bidegrees D a 0 D a rw

I Bytheexactness oftheaugmented rows
do r T for some TE K

Toro Dao p r t r D t

Since r is injective w D T

Applying this theorem to the Cech dR complex yields
the M V principt

M Is C ri



CechCohomologyof an Open Cover

As before M is a C manifold with an open cover
V2 α A indexed by a linearly ordered set A For

anyopen set UC M let
IR U locallyconstantfunctions on 0

It is thekernel ofthe exteriorderivative d 2 N U

Thus the kernel of d 14 ap 2 21 0 xp

cap
R V4 xp which we denote by C2 IB

which is the kernel of the exterior derivative on the
zeroth row

The alternating difference operator S 7152940

I silvan restricts to Car E C'IN IE
making C

U E into a differential complex
We can augmentanydoublecomplex in the sameway by

adding a bottomrow that is the kernelof D on the zeroth row



H N R of the open cover UIf T.EEmkfgn the complex Idea E s

makes sense for any topologicalspace

Cech deRham Isomorphism

By symmetry in a double complex a theorem

about rows can be translated into a theorem about
columns Theorem 1 has the following analogue for
columns

The If all the columns oftheaugmentedcomplex of a first

quadrant doublecomplex are exact then i K K

induces an isomorphism

HJ augmented row K

Suppose M 02 αeA is a good cover of a manifold
M Then

11 V4 xp
0 for 870

IR for 8 0

Thus all the columns of the augmented Cech deRhan
complex are exact By Theorem 3

H augmented row HER IE HICK
Combinedwiththe Mayer Vietorisprinciple this proves

The Tech deRham isomorphism ThedeRhamcohomology of
a manifold is isomorphic to the Ceh cohomology ofanygood
cover ofM



Example The tech cohomology of a Circle

4

COM IE 1214 IR U IN IR IR IR

C N B I a IR Url 4 IR IROR

Thealternatingdifference of CYM.IR C M R 0

given by
g a a a q ao 92 9 2

So
her 8 a 90,90 R
im S Raas R R IR

It follows that
H M R her 8 R
H N IE IR ims R R R

H M IE 0 for p 1

Note that this agrees with H s which is as

it should be since U is a good cover of S


