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TheThomIsomorphism

For a C oriented vector bundle T E M of rank r

we defined integrationalong the fiber

EEE of M

Since d 17 d themap induces a linearmap

in cohomology H E 11h M

TheThom isomorphism theorem states that I is a linear
isomorphism for an orientedvectorbundle of rank r over a

manifold M of finitetype

Poincare lemma for CompactVerticalSupport

Th Poincarelemmafor compactvertical support
ForanymanifoldM integration alongthe fiber

Ii HELMAR HhTM
is a linear isomorphism

Wesay that a function f n t
E C Ux R has

compact verticalsupport if theform fix t dth ndt has
compact verticalsupport for the bundle T UNR V

As in the compactsupportcase we have the followingtheorem

1h Let IV x ̅ be a chart of a manifoldM

A form W f n t dt n ndt nda Sf Ux R
has compact verticalsupport if and only if f x t

hascompactverticalsupport for all I



Let U X be a chartof a manifoldM Weview

Te Ux R UxRtt Te r t tl n t tl as a product
bundlewithfiber R There are twootherproductbundles that

fit into a commutative diagram

UX
U Rl

A form on UX R is a sum of two typesofforms
f x t t dt n does where I I

I f x t t dt n dtIndxJ

Inotherwords a type Iformdoes nothave dt as a factor
and a type II form does

Define ex U Rd rÉ UxRt by
11 on type I forms Tex 0

I on type I forms

fix 4 t de n d th dat fittest's it dt dt ndoe

Leena If the t has compact a

vertical support for U R U then 9144 f f e t n t att
hascompactverticalsupport for a UxRl U

Proof Let K be a compact set in V

ByThpothesis suppf n TICK fuppf n K R R is compact
Hence it is contained in K X 91 aibi for some

closed intervals Eaibi i b l Thentheclosed set

Kupp g A KXIR I
KX.FI ai bi a compactset



Here suppg I K is compact Thisproves
that for w f x t's de n din da R r Wire
w hascompactverticalsupport on UxIRA

I Let IV r a be a chart of the manifold
M The integrationalong the fiber

SEL Ux I SET UxR
induces an isomorphism in cohomology

HECUx Rl HE Ux re

Proof Theproof is almost identical to theproofof Poincaré

lemmafor compactsupport in lecture 6 Let P t be a C
bumpfunction on IR with f Plt dt 1 Define e 5ft dt

and ex SE UxIRA Ux Rl by
7 er

Then ex 1 on ski U R While ex 1

We can find a cochainhomotopy K R r
U R rÉ VxIRl

so that
dk Kd 1 ex 1 1

Theformulafor K is the same as in thecompactsupportcase

I K type I form 0

I K first de ndt ndr

f fire uldu Act f f u du de dot

where Alt is a function on R suchthat

Alt 1 for too
for GO



The verification of is the same as in thecompactsupport case
Applying thistheoremrepeatedly weget isomorphisms

HE UART HE UNR HE VaR

Since U R U is a rectorbundle with0 dimensional fiber the

compactverticalsupportcondition is vacuous Thus HIT Ux IR
H U This establishesthePoincare lemmafor compact

verticalsupport HI VAR H O

Because thedefinitionsof ex andk only involve the
coordinates theyare independent of charts of M and can

be globalized from 0 to M

Th Poincarelemmafor compactvertical support
ForanymanifoldM integration alongthe fiber

Ii HELMAR HhTM
is a linear isomorphism

PE Theproof is based on two identities
1 ex 1 on 1kt M Re 1 a M Re
2 1 ex dk Kd on ÑfMxR I Maire

Thesetwo identities can bechecked by checkingthem locally
on a chart U X X of M which we havedonealready

TheMayer Vietoris sequence for CompactVerticalSupport

Let U V be an open cover of a manifoldM
T E M a vector bundle notassumed oriented Denote

by Elu the restriction of E to U Define the refrain



SE E RIE u 1 Elr
c folks 4 v5

and thedifference afield flour
Wo ar W un wrton

Theorem Let T E M be a vectorbundle of ranter Then

0 star E RICE r El set Eluru o

is shortexact sameproof as for

By the zigzag lemma there is a long exact seq
in cohomology

HʰI Elum HIE our HEEL HEE H Elon

it react news meet

Assume E M oriented Then we canmap theM Vsequence
for compactvertical support to the M V sequence for U V on M

Lerma If theThom isomorphism holds for U V and UnV then

it holdsfor

UUV.PE
Thehypothesisimpliesthatthe twoverticalarrowson eitherside

of our are isomorphisms Bythe FiveLemma I UVV is

anisomorphism

Th Avectorbundle over acontractiblespace is trivial



Thus in a good cover E is trivial over anyfiniteintersection
of theopensets of the cover

By inducting on the cardinality of a good cover
the Thom isomorphism theorem holds for an oriented
bundle E over a manifold of finite type

The Projection Formula

Prof Let T E M be a vector bundle If JERIE
and WERE E then rewe RICE

Proof Let K be a compact set in M Then
earn areas n as

I s

fm
Here Supp raw n K is compact Therefore

on w has compactvertical support

The Let T E M be an oriented vectorbundle
over amanifold M Suppose WERE E and Tt MM
Then we T SLICE and

I y
T Ew T CA

Theform with dtcomesfirst

Proof Tocheck the equality of forms it sufficesto check

it locally say over a trivializing chart W



of M for E let Elu UX R with fiber coordinates
t Wemay assume that on 0 hex dat and

on U Elo w is either type I or type II

If w is Type I then so is we T and bothsides

of A are zero So wemayassume
a type I

w floe t dt's indt doe

Then
we T fee t dt n idt i def he de

f fly t dt dt da hex does

Fw 1T

The Thom Isomorphism

For an oriented vector bundle T E M of rankr
the Thom isomorphism theorem says

HIE HA M

is an isomorphism The inverse map
4 H r M HIE

is called the Thom isomorphism Theclass
E 5 1 HIE

is the Thom class It is an intrinsic class on E

st THE 1 i e the Thomclass is the unique
cohomology class w compact vertical support on E that

integrates to 1 on each fiber
Forany WEHIM by the projectionformula

In w I s w

w because THE 1

Thus the Thomisomorphism is given by


