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KunnethFormula Leray HirschTheorem

Question Is 51 5 diffeomorphic to 5 or

We can decidebycalculating 4 5 53

Tensor
Productofvectorspaces.lt
V W be vectorspaces finite or infinite dimensional
F VxW vectorspacewith basis all v w V W

EffiCriswi FER WiWi Vxw

S subspaceofFNxw spannedby
YTV2W Yen K W

V W wz V W Vwa

ru W r JW

r rw r V W

for all if V WWiew relR

Eef Vow Fluxw s

Notation now Tw equivalenceclassof v w

Byconstruction W is bilinear

th w V WtY w r w r row

There is anaturalmap Q V W VOW VW now

It is abilinearmap



Universalpropertyof
Theorem Anybilinearmap f V W 2 of vector spaces
induces a unique linear map I W 2 sit

I

commutes i e F NOW f v w WEVxW

Prop.ci IR0V V V IR V

i ADB B A
Liii Vi W Vi W

Proof i Define f IRX V V by
f r n ru

Since f is bilinear bythe universalpropertyof there is a

uniquelinearmap F IROV V sit FCrov ru

Define 9 V IR V by Glu IV

Let g ROV Then f and f are inverse to
eachother

The Tensoringwith a vectorspace preserves exactness
Seeanybook on commutativealgebra or homologicalalgebra



Kinneth Formula

Let M F bemanifolds Theprojections

Ty Mx F M F Mx F F induces linear maps
HTM HTMXF HIF HIM F

II FEENEY E HIM F
W T FEW TET

Bytheuniversalproperty of It induces a unique
linearmap M OHTFJTHTMXT IIs.fi

K NOT w n T for all W T HIM HIF

Kinnethformula If M is of finite type and F is
anarbitrarymanifold then K HTM HPE H.FM F

is a_linear isomorphism or foreach oh uhµ

K Ff H M 11 F HE MXF

is a linear isorn

E H HIS'xs 1 9 HIS H 14 0H

HO H H IROIR IR

H CH 4 H R IR

H H H IROIR IR

Ex M R
K HOUR I F R HEF Hʰ F Hʰ Rⁿ F

T TET
is linear isomer hism by the homotopy axiom



Lemme Let U V beopensubsetsof a mF M and F any
manifold If the Kinnethmap K HT HIF HTC F

is an isomorphism for U V and UnV then it is an isom

for UUV

Proof Let U V beopensubsets ofM TheM Vseq tensoredwith

1490 F givestheexactsequence
EIA AM t.EE

iiiii iii ii i ia i i i

Hʰ Inv F Hk UV F H F Hh Vx F
When8 0 118 unv H Unr 0

ThelemmafollowsfromtheFiveLemma

Proofof theKinnethformula
Suppose M has a good cover with r opensets Us n Un
When r 1 it is the case of a single V diffeomorphic to R
which we haveverified The proofproceeds b induction on r

as before for finite dimensionality and Poincaréduality

FiberBundles

IIII Fuxiangmap E Mand seeM the et Tila is called thefiber
of T at denotedEp all C

Def A C surjection T E M is a fibrin



if M has an open cover V2 on which there are

diffeomorphisms 42 V2 V2 F that make thediagrams
E
on UαXF

commutative Thecommutativityof thediagram means α

takesthefiberEu to thefiber a F

Def A f fit of fiberbundles over M is a

E E

IT
M

is commutative

Def A fiber
bundle is trivial if it is isomorphic to theproduct

bundle E IF M

E is a nontrivialfiberbundlewith
fiber 0,1

Th A fiberbundle over a contractible space is trivial

Leray HirschTheorem

Th Let T E M be a fiberbundlewith fiber F over

a manifoldM of finitetype Suppose there are cohomology

classes e ed on E that restricts to a basis T Tl
of H F Then themap

K HYM H F HYE
w ΣaiT Iw aie

is a linear isomorphism Becausethere is noprojection Pr E F we



cannotpullTi backto E Weneed e el for K to map Tl to

Proof SupposeM has a good cover Us Or
The base case

Ifr 1 then M V1 R and E Rⁿ F so that
HTM H F R HMF I F

with basis T Tr and

H E HEIR F H F

with basis e et Clearly K
sending E a T to Σa e

is an isomorphism

Lerma If the Leray Hirsch theorem holds for U V and
nV then it holds for Uu V

AV7 11hKF

HÉ Ñ FIH H i É

HE Lion HE ur HEEL EW

As in theproofoftheKinnethformula wewritedowntwoMayer
Vietoris sequences The LerayHirschtheorem for U V UnV means

that the twoverticalmaps on eitherside of R H UV HE8F 19Elon

are isomorphisms By the Five Lemma K for UV is an isomorphism

The proofofthe Leray Hirsch theoremproceeds as before

by induction on the numberofopensets in the good cover ofM


