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Cohomologywith CompactVertical Support

VectorBundles

E
Def let F E M be a C surjection whose fiber Ex The
is a vectorspaceof dimension r for every REM Then I E M

is a vectorbundleofrank r if there is an open cover V2
forM andfiber preserving diffeomorphisms

2 Elu TiUs Ux R

thatare linearisomorphisms on eachfiber
02,4 is calleda trivializationofthevectorbundle E

Haightbyffey
from avectorbundle T E M to

M is a C fiber preservingmap f E E

that is linear on eachfiber

Let Up VanUp Then
45 WIER UpIR

is linear on eachfiber and so isoftheform
4 45 n u a 92pA

forsomeC function Gap Up GL r IR called transitions

functions of thetrivialization 02,4273

Def LetH be a subgroupofGLCn.IR Wesay that the

steerup of a vectorbundle T E M can bereduced

to H if E has a trivialization 02,42 whose transition

functions 92ps Udp H GLG.IR havevalues in H



Def A vectorbundle T E M is orientable if its
structure group can be reduced to GLT r R

Def A trivialization 102,41 is Eented if its transition
functions 94 all havepositivedet

In fff
E M is a vb with an oriented

In an orientedvectorbundle every fiber Er has a
well definedorientation comingfrom THU UX IR

AIFAhemologywith VerticalCompactSupport

Let T E M be an oriented vectorbundleof rank r
Suppose W E hascompactsupport on every fiber
i e supp w rice is compact in The Then one can

integratealongeveryfiber but the integral need not be
continuous

Def A form west has

yif.IT actfor everycompact KCM

Notation SECE E k forms on E w compactvertical supp

The E d is a differential complex
Its cohomology HE E is called cohomology
with compact vertical support



Integration of Formswith Compact VerticalSupport

Let T E M be an oriented rank r vector bundle
over amanifold M of dimension n Suppose L R's a

is achartof M over which Elu IR is trivial
Let t t bethefibercoordinateson IR
A form W E R U is a linear combination of two types
offorms

I the t t dt's dtr dat let n

I f x t t dt n edt n does

Def I RL UX IR 2h U is definedby
5 f n t dt rda 0 where1Mar
I fl E does fattest dt de dat

Th If we U R then w is

a smooth k r form on

If Let Pt and K a compactcoordinate nbd of p.in V

By f Csupp f n K IR is compact

Thus appf A KAR't is contained in KX II aibi

g fittest at de It la fire t dt at

By a theoremfromanalysis one can differentiate

underthe

fpu.tt At dt f dt at

1k
Hence gin C U 15



Independence of Charts

Let V Y I be anothertrivializing chart with fiber
coordinates U u givenby anorientedchart Wewill show

y n du n din dy is the same in eithercoordinate

system In the V Y u coordinate system

819 u due dy f g y
u du dur dy 1

In the U x t coordinatesystem

gly a durray Σ go.us I dthnndti fd
so that

819 a duhdy Σ 96us3f dt dtr II diJ
R because8 70

Σ 96
u du di dy t

Thus integration along the fiberdoes not depend on

coordinates This gives a well definedmap

I EI 1 CM

called integration alongthefiber



Graded commutativity of and d

theorem d C 15red makes sense because

deg r and degd 1

Proof On type I
y w 0

Idw d flat dendas II or

Σ ftp.dtindthdoe

0 if deindt dth n dtr

Effffdeindt'sde
R I

141 JO
because f hascompact

0 support

Ontype II
d w d f x t dt dat

d fp.fm t de
does

Is f 3
x t dendrites

F dw d f x t de n dat

3 daindtnd.at

f 1 fff.de adrindod

Thus induces a map in cohomology

H E HIM

Thom isomorphism th I is an isomorphism



SpecialCaseofThemIsomorphism

The Poincare lemma for VerticalCompact Support
For any manifold M

T HL MXR Hʰ M

PE e Is to prove

it M IR Hʰ M

Theproof is word for word the same as for

HE MAR H M II


