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Zig ZagLemma Mayer VietorisSequence

Weshowed in lecture3 that a short exactsequence of
cochaincomplexes

a pie 0

induces rows of linearmaps one foreach k

ytiiaj IHYBJ 1f.ie

Hh a if Hh B H e

connectingHomomorph.se

Wecandefine a linearmap d Hh C Hʰ a
that connect togetherall the rows

step 1 Startwith C 1PCC where CE Ck with de 0

Since I Bʰ C is onto I sit c jcb jb

BY
db o

a

13 JC I
d

Bythe commutativity of the diagram

j db dib de 0

Stef2 Bytheexactness of Aʰ B Ct
Aʰ sit db ia Note a is unique

because i is injective



stys If By yd
Aʰ 13ᵗʰ a db

Bycommutativity
i da d ia d d b 0

Since i is injective da 0 Hence a is a cocycle
Define

a Hʰ a

Summey It is definedby aÑ
thediagram on the right called d
a zig zag diagram b C

In the construction of d we havemade
choices in the selection of C and b

Exercise a It a is independent of the choiceof
b or C seeAnIntroductionto Manifolds.fr25 fordetails

TheligLaglemme Proof in Manifoldsbook 25

I zig zaglemma A shortexactseq of
Cochaincomplexes

a B e o

induces a long exact sequence in cohomology

HE a 5 H B He H a



CPartitionsofwnityb.fi

Thepartitionofunity19 is subordinate to an open cover I
if supply U for all α

Th Given an open cover 0 of a manifold there is
a Copartitionofunity 493 s.t supp8 4 1 41
Example partitionoff

It

TheMayer Vietoris Sequence
I

Nolation If UCM is an opensubsetand we GM
w
o restrictionof w to U

Let U V be an open cover of a manifoldM

Define i M U V tobethe restriction
i a

and j 1 1kV 1 UAV to bethedifference



ofrestrictions
j wuWr W un w un

Th 07 M 2 0 Mv r unv o

is a shortexactseqofcochaincomplexes

PE Exactnessat UN

surjectivityoff
In degree0 the surjectivity of

n 0 osier r unv

Chu hr hr hw

meansgiven a function f C Unv weneed to find

hueCCU and hut set hr ho

supp of e r

supp g f C Ñ

I

If Ef
because 8 8 1

Define h put on U

hr Sof on

Then f h her j silo 02 icon

is surjective Thegeneral case is similar
Exercise showexactness at MM and 1 0 01N



Cohomology of a DisjointUnion

If AandB aremanifolds H A B HIA HIB

PE AIB A B because a k form

on A B is a pair WAWB SECA 1ʰ B The

exteriorderivativeacts on eachcomponent independently
Here H A B H A B

Cohomology in Degree Zero

If amanifoldhas m connectedcomponents then
4 M IRM

E A closed 0 form on M is a C function f CM

sit If 0 On anychart U X
df 23 dx o

iff 2faxi 0 for all i i n

iff f is locally constant
iff f is constant on eachconnectedcomponent

20M closed o forms 1km

so

401M 29M B M 12 IRM



Cohomologyof a Circle

Cover s withopen arcs U V as shown Then
H U HIV openinterval H IR IR indego

0 in deg

H unV H A B H A H B

ROIR in dego
0 in deg 0

Since s is connected H s R

TheMayerVietorissequence in cohomology gives

5 UAV UAV A B

H H S

11 0 siRIRORI.IT
a a a

a b b a b a

Byexactness at H
S

H S imd Rf 1st isom th ofhim alg
Byexactness at H un

herd in j R

Hems
H s Rofe R


