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Homotopy Invariance

F N and M be smoothmanifolds

Nx 0 I is a manifoldwith boundary Nx 0 u Nx 1
ON

Def F N 0,1 M is smooth if it can be extended
to a smoothmap on a nbd of Nx 0,1 in NXR

E f m

Def fo f N M are smoothlyhomotopic written for fi

if a smoothmap F N 10,13 M S.t

F x 0 folk F x 1 false

F honey from fo to f

M
Example
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Def A C map f N M is a homotopy equivalence

if a C map g M NS.t
gof IN and fog km

is a homologiverse of f
N and M are homotopyequilene or have the same

mmIf contractible if it has the same homotopy
type as a point

Example Define r IR 20 s by a

and i S 1121203
by a x

Then r
A IA or roi A

Themap top 1R 403 1R 120 maps 1122203

to 5

The identitymap 11k20g and 2 or are smoothly homotopic

via the straightline homotopy
F R 03 0,1 IR 203

F n t 1 t se t Mall

so to landa and ior 1122203 It follows
that r R 20 S is a homotopy equivalence
with homotopy inverse i S 1121203

Thisexample can be generalized

Def Let A M A map r M A is a retraction

if r
A 1A or roi 1A where i A M is the infusion

A retraction r M A is a

ideformationretractions ifi r 1m



Prof A deformationretraction r M A is a homotopy

equivalence

PE With i A M the inclusion
to i LA for 1m

Here i is a homotopy inverse of r

HomotopyAxiom

The Homotopicmaps induce the same map in Cohomology
i.e if f n g N M then f g HIM HYN

Cor A homotopy equivalence f N M induces an

algebra isomorphism f HTM HIN

If If f N M is a homotopyequivalencewith homotopy

inverse g M N then

got IN fog Am

By the homotopy axiom
G f If f g 1

or f og I N 9 0 I
my

Here
ft M N

is an isomorphism ofalgebras preserves

Cor A deformation retraction r M A induces
an algebra isomorphism r HCA HIM



Example 11 112403 S R indego I

0 in deg 1

Example HER Cpt be r IR 20 is a

deformation retraction with homotopy inverse i 0 IR

F x t 1 t e t o t t e is a homotopy
for or 1ps

Generatorof H S

Since 1115 IR a generator of HYS is any
nonzerocohomologyclass It is represented by a closed

1 form that is not exact ByStokes's theorem if w de

then S 5

If s is parametrizedby 39 coso sino 0 0 2T

then f ydx xd f do 2T

51 0

Thus w 0 24 is a generator of H S with f 1

Integrals on aCylinder
cLet C 5 0 with orientation as shown

Then 2C Sf Sf Let w be a closed a

1 formonC

claim S
PE ByStokes's theorem 0 4 few b
Hence Saw Ssb I



Since C is homotopyequivalentto acentral
circle Slc via the inclusionmap i Sc C
a generatorofHCC is represented by a closed

1 formwe that integrates to 1 over Slc

By the claimabove

fee Ss I c

CohomologyoftheTorus

iii
V V V UNV AHB

M ns s S tis

H 44M 0

msn.im E ItIEIfa

µ 0 IR IR IR ROIR
a a a

a b b a b a

what is 1 H U H V H A H B

LetWu be a closed 1 form on U that integrates to 1 on

As notedabove



Hence the restrictionmap H U HYA H B tal
1 1 1 or a a a

Similarly It V H A H A takes
1 H 1 1 or b t b b

Therefore I H U H V H A H B takes
a b b a b a

It followsthat imj diagonal R

ker j a a ER R IR

Bythe exactness of the Mayer Vietoris sequence
T f ima

Raff 1st isomth of bin algebra

Ruffy exactness at H un

RIC It maps to the diagonal

IRJ
14 M her if im if 1st isom th often algebra

her if exactness at H U H VI

IR

her if im df exactness at HMD
H UN herdot 1stisom th of lin algebra
R IR im jot exactness at H nv

IR IR IR

IR

Thus H M IR IR so H M 1R


