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MobiusStrip FiniteDimensionality Pairings

Cohomology with CompactSupport of art OpenMobiusBand
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Cover the openMobius band M by two open
rectangles U V as shown with

Unv A H B
Forintegration to be possible the open sets U V A B

need to beoriented We orient them as shown

no
i

i
i f y y

I 1 I
U

Note that the righthalfof U is orientedclockwise in

order to be consistent with the left half
TheMayer Vietoris sequencewithcompact support is
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Thecrucialmap is L Ju Ira Choose a 2 form

Wu E R 0 suchthat generatesHe U IR Choose

similarlyWv Wa and Theidentification HEAR IR isgivenby
integration Tofind Ju WAS it suffices to compute

wa fawa sincesuppwaE A and A andV

have the same orientation
1

Here Jux wa Led Similarly I wa v1 Jax B Er

However JuCup WE because

I D f WB since supp w B but B and
haveopposite orientations

1

Thus I WA C Ju A A WuWr

I WB C JUWB I WB LC Wu Wr WuWu

In terms of theidentification HCA HYB IR IR and

FCU HTV IR OR this translates to
1 0 1 1 5 10 1 1 1

Hence
ja a b atb atb

So I IR.FR IR.HR is an isom
It follows that

for imj 1R 4 0

HELM ini O

H M im df her 0

In conclusion



GoodCovers

Def An open cover of a manifold M is good if all the
opensets U in thecover and all their finite intersections

are diffeomorphic to IR

Existeneofagoodcover.TL

Everymanifold has a good cover

A Riementic on a manifoldM is the assignment of
an inner product on thetangentspace TpM to each pely
Onecanputa Riemannianmetric on anymanifold Then anopen
cover consisting of geodesicallyconvex nbds will be a good
cover

Def A manifold is offintetype if it has a finitegood
cover

FiniteDimensionality

Th The cohomologyof a manifold M of finite type
is finite dimensional

Ex If M IR P Pa Ps then HYM IR

Lerma Let U V beopen in a mfM If 4 0 HHV andH UnV

are all finite dimensional then so is H Our



servieton's
sequence

icon Hkuuv HEO HEV

bythe first isomorphismtheorem of linear algebra
Hʰ init

Thus Hh Nov her it im it

imd imit exactness

at Hʰ Nov

Here im it is a subspace of HʰU HMV

and int is a quotientspace of Hʰ Viv
bothofwhich are finite dimensional by hypothesis
Here dimHʰ Nov N

tfIf
Induction on thenumberof opensets in an

Thebase case is one open set U R

forwhich the theorem is true Suppose thetheorem is true for
a manifold having a good cover with r I open sets and M has
a good cover Us Or 1 Or Let

U u r e and Ur

Then
unv u u our a nor nor v u or in 4

So UnV has agood cover with r topensets Bythe
induction hypothesis U V UnV have finite dimensionalcohomology

Bythelemma so does M U UV A



PoincaréDuality
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On an oriented n manifoldM there is a bilinearmap
1 M I ʰ M IR

W T Smart

Pairings

Def A pairing is a bilinear
map 4 VXW R

It is nondegenerate if 4 v w New v 0

and Y V W 0 EV w o

Apairing 6 V W R induces a left map
4 V Wr 4 46

Prod Apairing 4 V W R is nondegenerate iff its left
and rightmapsare injective

Th If WWfinite dimensional then a pairing 6 V W IR

is nondegenerate if its leftmap 4 V W is an isom

PE 4 nondegenerate



Q V W injective

is finite dim and dimV dimW dimw

er W V injective dim W dimV dimV

dim dimW
W is an isom A


