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Proofof HomotopyAxiom

A Comap h N M pullsbackforms

h M N

which induces a linearmap in cohomology
HCM HIN h w Hw

I t E t IfI
fortnum

Reduction to Two Inclusions

Suppose to f N M are homotopic via the homotopy

F Nx 0,13 M S.t F n 0 fold and F x D fire

Define It M MX 0,1 by
It a x t

Then
folk F r o F j a

f x F x 1 Foj x

By functoriality
jpifoFtffjfoF

To prove ft fi it is enough to prove jf It



CochainHomotopies

Let 6,7 A B becochainmaps ofcochaincomplexes

Ak Ah A

13ᵗʰ it item

from 4 to Y is a collection of
feafmapfkth.netith ofdeg t suchthat

dk Kd x 6

Prop If thereis a cochainhomotopy K from 4 to 4 then
4 x HhA 14h B

PE For a 1Fca

4 4 a Ktk d a dka

Since da 0 Here

Y a 4 a 4 a dka Glad 4 a

Integration AlongtheFiber on U 0,1

Let Jo I M M 0 bethe inclusionmaps
Jo x x07 j x x 1

They induce cochainmaps
if if SECM 0,1 RCM

We want to find a cochainhomotopy K 1 7 591 of1M
st.dk Kd Jf jf rʰ Mx 0,11 Them

LetM V for now Theforms on W 0 I

aresumsof two typesofforms



II f n t doe fix data adaik

I G x t denda

Define integrationalongthefiber K sʰ Ux 911 1 U

I K fee de 0

I K 9Gt at ndr 8 e dt doe

ff.fi
i i

dK Kd fcxt dat Kd fc ydr

K Σ deinda ffdt dat
K dt add dt diet

f B1 f x 0 dot

j dei dj.tn d I da

j if f x t dat foj x f.jo x de

fennel
OnType forms

dk Kd Gx t dt nda ftnofx
dk 8kt dendes d f'g t dt does

Σ f8tdtdaindxs.it
Kd 964dende K 2 x t deindtide

2 CH indn

Thus

dk Kd get dende 0

jf g x t dt dat 0

because I dt djft dlt.in d 1 0

This provesthat K is a cochainhomotopy from it to on V 0B



CochainHomotopyonn

Prop Let U X be a chart ofM Thedef
of K R U 0,13 ITU is independentof
X K

PI Suppose Y 9 is another set ofcoordinates

on 0 Then

dy in ndy Σ det s data idik
119β p

or
gys If de

Type I in w Σ fly t dy
I 11 t does

is Type I in a Hence Kw 0 ineithercoord

system

On a Type II form

W 8434 dtr da fly dt dy

Then
w 19t dt 3st dec

So
Kw defof kw in the re word system

1 195 dt does

ital dt

defof K in the y cord system



Let V2 27 beanatlasofM For

we 1h MX0,1 let wa w
Ux 0,1

We havedefine Kwa foreach2 On 4 50,13 n Up 0,1
we have shown Klara KWp so Kwai piece

togetherto givea globalform K W ERʰ M Thisdefines

K 1 MX 0,13 52kt M

Since dK Kd w 1 55 w is an equalityofforms

it canbecheckedlocally whichwe havedonealready
Theexistence ofthecochainhomotopy K proves the
homotopyaxiom


