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CompactSupports Manifolds

Def A C form w is closed if dw 0 it is exact if
w IT forsome TERE M

CompactSupports

Let U be an opensubset of IR

Ex Flav
f is nonzero on 0 2

Suppf is its closure 0,2

Def The zero set of a k form w on U is
w PEU Up 0

The supportof w is

suppw I PEU up to

I Uris d Zeus
where stands for the complement

Let R U k forms on Uwithcompactsupport

Lop d is support decreasing For WE ICU
Supp dw I suppw

E
jpg

suppose P suppw Sincesuppw is
closed opennbd of p



disjointfrom suppw Then WE 0 mV so dw 0 on V

Therefore P suppdo Wehaveproven

supper C suppdw

Takingcomplementgives suppdu e suppw

Cor If we52kV has compactsupp sodoes

dw.PEsuppdw is a closed subsetofthecompact set supp w

We therefore obtain a differential complex

2 0 0 I U 2 10 210 0

thederham ex withcompactsuppof V

Def Mt U is the cohomology of this ox

DegreeZero

A k tensor has k variables A 0 tensorhas no variable

Def A 0 tensor on a vectorspaceV is a constant

Thus A V IR

A 0 form on V assigns toeachpoint of U a 0 tensor
constant Hence 0 formfuncton.ee few c

Example HE R
SCAR Scar 0

2 R FEGIR df 0

df fix dx 0 f x 0 f const on IR

f doesnothavecompactsupp

Here ICR 0



Next wecompute H IR

2 R I R 9174 1 GECAR
Bi IR df flydx ft C R

If g x f x then Fluidu If cuddu
f u o since f haseptsupport

Theintegralofan exactformwithcompactsupp is 0

Define 7hr IR go dx f gexdx

Wehave shown that t.BR herH
We now provethe reverse inclusion

lemme kerf CB R

Proof Suppose f884 dx 0 Define f x f a die

Bythefund th of calculus flx 813 Itremtins to

show that f has compactsupport
Since suppG is compact suppg I a b for

some asb IR For a fix f glu du 0 0

For Rob fix a du f Glu du 0 byhypothesis

Hence suppf C a b As a closed

5 subsetof a compactset supp f is

compact Thus g x dx B IR

Themap 2 R IR is surjective withkernel BL R

Bythe 1st structure thof linear algebra
ECRIBER Yas inf RD



Manifolds

i E.tk

tii
Def A topologicalspaceM islocallyEuclidean of din n

if everypoint pEM has a nbd U that is homeomorphic
to an opensubsetof R via a homeomorphism

4 10 R

U 4 chart
Twocharts WP and V Y are Cocompatible if
and 4.4 un p un

t.pt un 4 Unr

are C
Anatlas is a collectionof C compatiblecharts 02,4 that

coverM

A topologicalmanifold is a locallyEuclidean Hausdorff and
2ndcountabletopologicalspace

A orsmoothmanifold is a topologicalmanifold together

with amaximal atlas

TangentSpace

Let r r bethestandard coordinates on R If U 0 is

r Rn
is a chart set

y

a riot



Det Jf p pf OCP

Def tangentspace TpM vector space spanned by
Hilp 2 2 p

DifferentialForms

Def A k form w on a manifold M is the assignment

to each PEM of an alternating k tensor up on TPM

In a chart V 0 W K x a k form W is

uniquely w Σ ai indata
nda's Σ ad

I
kips sigen

Def A h form W on a manifoldM is C if
anatlas NS.t on each chart V x 2

the coef as in w Σ add are all C

Notation SCM 0h forms on M

of M C L forms withcompactsupp onM

Wecan define H M HTM as on IN


