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The deRhamComplex on R

Question What is die

Differential Forms

Ex Let a b c 1123 Then det a b c is 3 linear linear
in each ofthe 3arguments a b c and alternating

dot b a c detta be

Def A k tensor on a vectorspace V is a k linear function
α Vx V IR The tensor α is alternating if
for any re Ser permutationsof 1 k

α Vocs Uh cont α 5 Vp

A 0 tensor has no argument Wedefine a Otenor to be
a constant

Notation Aplv alternating k tensors on V3
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In this lecture 0 will be an open subsetof IR andPEU
Tpu tangentspaceof U at p

vi us vicR R

Def A Efrm on U is the assignment to each PEU of
an alternating k tensor up on TpU

Wp Tpv TpU IR

Thus a k form is afunction W It pHAk Tpo sit

Wp ApTpo

Vectors as Derivations at a Point

If VETpU let Dr CU IR bethedirectionalderivativeat

For VETO and f E CU C functionson

of Drf fig adf.fipttv

Σ 8 Pttv till chainrule

nu 1 f

of Σ vie f Σ
p
f

Becauseof thisformula we willwrite

lei.EE



TheDifferentialof a Function

Def If f ECU then df is the 1 form on U
defined by for PEU and WE Tpv

df v of

Ex Let i bethe standardcoordinates in IR PEU
and v Ivie p TpÑ Then dietis the 1 form sit

dx v v et Duri

2 Zilla vis v2

Ex In IR with coordinates 9,3 the symbol doe stands for

the1 formthat picks out the x coordinate v1 of avector
v v v3v37 ETp R atanypointper

Prod For U open in IR and pe U the cotangetspace

Tpv Tpv dualoftangentspace has basis
di p Cdx p

PE A basis for TPV is lp 2 25
p

Since dei Elp 3xpie 8

Cdx p p is dual to Max lp p

So any 1 form W on U canbewritten uniquely
W Σ ai de for somefunction ai on U



Def A 1 form w Σ aide on U is smooth or C if
all 9 U IR are C

on V E IR

1 qq.de Applying bothsides to

Hari gives f aida aj

Hence If Σ i die

Wedge Product

Def Let Vbe a vectorspace If Aplv andβ Ae V
then 21B Apte V is definedby

α B Un Vere Eg Vote βtreating rate

Th If α is a basisfor A V V then a basisforApl
is αᵗ 2in ndik where I in in runs through all

Ki sie En

Every b form W on U can be written uniquely
as a linear combination

W Σ ai iq da e date Σ arde
ii siren

I



Def A b form CU aedt on is co if
all as are 8 on U

Notation 110 40 f forms on 0

C CO

The ExteriorDerivative

Def If w Σ asdat TRU define

dwest U by
dw Σ damdat

Th d 2 10 U

satisfies

i d is an antiderivation ofdegree 1

d Wnt dw at c 188 wondt
ii d do d 0

iii d on 8 0 CTO is the differential



DeRhamCohomology

We have a sequence of vector spaces and linearmap

mu 210 ricer

s.t.dk 0 called the de Rhamcomplex
Since d d 0 im a G her dʰ

Def 11 0 kth deRhamcohomology of U

Fyffe
2 is from German Zyklus for cycle
B standards for Boundary

Eixample Cohomologyftp IR

n R CTR C f IR IR

n IR flu du fe CMR

1 R R R

off te de
2 r herd f E C IR f 0 constfunctions R
B IR 0 becausethepreviousmap is 0

Hence
NCR 327 R

2 K he 0 RYR 911 dx g ECU

B IR in a df fEC fix dx f E

Given any ge CTR define

flu f g n du
Bythefundamentaltheoremofcalculus f x f x Thus
2 R B IR so 2 R B R and I III


